Energy expressions to fourth order are -given for a degenerate zeroth order state by the use of a partitioning process in relation to Van Vleck's transformation. Double perturbation is discussed as a natural extention of this treatment. The mathematical essence of Dalgarno's interchange theorem is reinterpreted. By using this interpretation, it is demonstrated that there are more than one accessible correlation expressions of the interchange theorem for degenerate zeroth order states. It is also discussed whether or not the difficulty in obtaining the interchange theorem for a degenerate case remains. § 1. Introduction
In parallel with the Schrodinger and Heisenberg representations in quantum mechanics, there are two different approaches to perturbation theory. One is the direct Rayleigh-Schrodinger approach/' the other is the use of canonical transformation, 2 '' 3 ' The latter often called the method of contact tarnsformation by spectroscopists, has been conveniently utilized for treating vibration and rotation Hamiltonians.'> This method has been reviewed by Primas 8 > in operator form and extensively used by Robinson. 5 > Unfortunately, it is often difficult to find a proper. ·transformation for the entire spectru~ of a given Hamiltonian H. In connection with perturbation theory, however, the Van Vleck transformation 2 " 8 ' allows us to concentrate on a particular zeroth order energy and enables us to avoid unnecessary complexity.
The first object of this article is to provide a resolvent form of the operator treatment of Van Vleck's perturbation theory, which gives a simple and compact form of the entire approach in a highly transparent way. 3 '' 7 ' The simple and lucid feature of this operator approach is particulary outstanding in the degenerate perturbation theory. 8 > The crux of this approach to Van Vleck's perturbation theory lies in the discovery of the recursion formula (3 ·10) which allows us to generate wave functions and energies corresponding to any required order of perturbation. Lowdin has given the relations, between various approaches to perturbation and his partitioning technique in a series of papers on perturbation theory. 7 '' 8 ' His treatment of perturbation has been primarily for nondegenerate cases. The author has treated degeneracies in the Schrodinger perturbation theory by the use of partitioning technique. 9 l This treatment, however, reduces eventually to a one dimensional reference space and is not a convenient basis upon which to establish. theorems such as the interchange' theorem. 10 l-12 l The second object of this 'article is to give a simple mathematical form of the interchange theorem and to show the power of this operator approach 13 l in explaining the useful interchange theorem ·by the use of a simple property of Hermitian operators. This simple mathematical form leads us to prove that there are more than one accessible correlation expressions 14 Concentrating on S(O) and using the notation in (2·4) we obtain from (2·5) HooUoo+HoPUPo= UooEoo, HPoUoo+HPPUPo= UPoEoo.
In the following context of our treatment we assume that U00 is not singular:
Multiplying UoJ = ( U00)-1 from the left-hand side to (2 ·11), we obtain (2·L1.4) Given Hand Uoo, UPo can be estimated from (2·12) as a function of E 00 , then we can utilize (2 ·14) for ,estimating E00• § 3. Perturbational approach Let us consider a system whose Hamiltonian
is only slightly different from the Hamiltonian H<DJ of some problem which has already been solved. In connection with a perturbational approach to our problem we consider a particular eigenvalue E< 0 J of H<DJ and identify S(O) with the subspace spanned by all the eigenfunctions of H< 0 l with eigenvalue El 0 l:
where iu is the mu~tiplicity of Ei 0 '. Then using the relations (2 · 2) and (3. 3) it follows that H~06=0,
Hpo= VPo.
We assume a perturbational expansion and write
where. l denotes order of perturbation with respect to V and El 0 l is a constant
into (2 ·12) and collecting terms according to order of perturbation, we obtain
with*l a'i=O. We also obtain, for ri>2, the recursion relation Introducing the expansion (3 · 6) and (3 · 7) into (3 ·11), we obtain UJY=O,
The combination of (3 ·14) and (3 ·16) yields UJ~=O.
B. Estimation of Eoo
Starting from (3 ·15), (3 ·18) and (3 · 8), we will get the expansions (3 · 6) and (3 · 7) by a repetitive simultaneous use of (3 ·10) and (3 ·17). The first few sequences are:
The expansion of U0(} is obtained from (3 · 6) . It reads 
For simplicity let us introduce the notation .9(<"l: case can be handled in a simple manner. The double perturbation is characterized by V consisting of two physically different terms:
The substitution of ( 4 ·1) into (3 · 21) would yield the required result. We are, however, often interested in dealing with orders of perturbation with respect to Vi and V2 separately 10 hll) for either a physical or mathematical reason. In this case we ·have to collect terms according to multiplicative order, of V1 and V2. Suppose 
It 1s also apparent from the relations (3 ·19), ( 4 · 2) and (4 · 3) that
The c/JJ obtained through the diagonalization of .9[< 1 · 2 > should give the corresponding approximate eigenfunction ¢} 0 · 1 > Any multiple perturbation greater than double can be treated in a manner similar to that in which we have done for the double perturbation.
B. Interchange theorem
The interchange theorem 10 l established by Dalgarno has been conveniently used in perturbation theory. The mathematical essence of this theorem is the relation (4·8) where A is an operator and Fi, F 1 are quadrically integrable functions in the domain A. As far as one is interested in Ai 1 itself, one has a choice of evaluating either AF 1 or A +Fi.
Suppose V1 is not a simple operator to handle in the sense that the estimation of R< 0 lV10 in (4·5) is difficult, whereas v2 is simple so that the es_timation of R< 0 >V 20, R< 0 >V 2R< 0 >V 20 and R< 0 >R< 0 lV20 can be accomplished without, difficulty. Then using the relations (3 · 2) and ( 4 · 8) one can write typical matrix elements of Eh~1l and Eg0 2 l as 
An operator formalism has the advantage of being compact in its notation without referring to each function concerned. 11 '' 12 ' Unlike a previous work 9 l this treatment does not depend on the manner in which the degeneracy is resolved. The partitioning of a space into two, one called a reference space 15 l and the other a complementary space, is particularly convenient for a perturbation theory because the higher order corrections to energies as well as to wave functions are generated from the information about a reference space. It is a point worthy of emphasis that Dalgarno's interchange theorem even for a degenerate level of H<O) is exclusively due to the relation (4·8) and does not depend at all on the choice of U00• Our expression ( 4 · 5) for $(< 1 ' 2 ' is identical with thae 2 > of Kirtman's except for some terms associated with Egb 2 l. This difference is due to our different choice of U00• U00 is arbitrary*> as long as (3 ·11) is satisfied. By way of an example it is shown in the Appendix that if we choose U00 the same, Kirtman's expression for $f< 1~2 l 'becomes the same as ours. The two different forms of $(< 1 • 2 >, however,· should yield eigenvalues which are the same at least up to first order in v1 and second order in v2 since they result from equivalent operators related by a unitary transformation. Hirschfelder et al. 11 l remarked that there is a difficulty in establishiag the interchange theorem in a degenerate system of H< 0 l. In discussing this apparent contradiction one has to distinguish expectation values. of two different types of operators:
(i) an op.erator which is a part of the total Hamiltonian, (ii) an operator which is not a part of the total Hamiltonian. For degenerate case one can apply the double perturbation theory to the first type of operator only. The energy corrections Eb~2l in (4·5) and Kirtman For the second type of operator one has to know**' 0¢< 1 • 0 ' with which Hirschfelder et al. 11 l found a difficulty in their Eq. (IV· 52). Even in our scheme one cannot estimate the correction corresponding to 0¢< 1 • o) without considering E?f0°'. This is an intrinsic property of the perturbation theory and •does not depend upon the formalism we . choose. In this sense their claim remains true . . For a n6ndegenerate case it can be easily seen that it is not necessary to distinguish between these two types of operator as far as the first order correction is concerned.
*> Note that this is contrary-to the statement made by Kirtman in Ref. 12 ) that there should be a unique choice of Uoo which leads to the interchange theorem. **> Note that in our formalism 0¢/ 0 •'> and Ocpp.
•> are zero according tothe second relation of (4·6). These corrections, however, are absorbed in rf>J of (4·7) when wediagonalize $[<•,•>.
